Abstract. The paper deals with lightlike hypersurfaces which are locally symmetric, semi-symmetric and Ricci semi-symmetric in indefinite Kenmotsu manifold having constant φ-holomorphic sectional curvature c. We obtain that these hypersurfaces are totally goedesic under certain conditions. The non-existence condition of locally symmetric lightlike hypersurfaces are given. Some Theorems of specific lightlike hypersurfaces are established. We prove, under a certain condition, that in lightlike hypersurfaces of an indefinite Kenmotsu space form, tangent to the structure vector field, the parallel, semi-parallel, local symmetry, semi-symmetry and Ricci semi-symmetry notions are equivalent.
Introduction
It is natural to impose condition on semi-Riemannian manifold that its Riemannian curvature tensor R be parallel, that is, have vanishing covariant differential, ∇R, where ∇ is the Levi-Civita connection on semi-Riemannian manifold and R is the corresponding curvature tensor. Such a manifold is said to be locally symmetric. This class of manifolds contains one of manifolds of constant curvature. A semi-Riemannian manifold is called semi-symmetric, if R · R = 0, which is the integrability condition of ∇R = 0. The semi-symmetric manifolds have been classified, in Riemannian case, by Szabo in [20] and [21] . A semi-Riemannian manifold is called Ricci semi-symmetric, if R · Ric = 0.
We are interested to answer to the following question: "Are conditions ∇R = 0, R·R = 0 and R·Ric equivalent on lightlike hypersurfaces of semi-Riemannian manifolds?" These equivalences are not true in general. Ryan [18] raised the following question for hypersurfaces of Euclidean spaces in 1972: Are conditions R · R = 0 and R · Ric = 0 equivalent for hypersurfaces of Euclidean spaces? Although there are many results which contributed to the solution of the above question in the affirmative under some conditions (see [6] , [7] , [17] and references therein). In [1] , the authors gave an explicit example of a hypersurface in Euclidean E n+1 (n 4) that is Ricci semi-symmetric but not semi-symmetric (see [5] for another example). This result shows that the conditions R · R = 0 and R · Ric = 0 also are not equivalent for hypersurfaces of Euclidean space in general. In [5] a survey on Ricci semi-symmetric spaces and contributions to the solution of above problem are given.
In virtue of results given by Günes, Sahin and Kilic ( [10] , Theorem 3.1) and Sahin ([19] , Theorem 4.2), we see that the conditions ∇R = 0 and R · R = 0 are equivalent for lightlike hypersurfaces of semi-Euclidean space under conditions Ric(E, X) = 0 and A N E a vector field non-null. In [14] , the authors show that ∇R = 0 and R · R = 0 are equivalent for lightlike hypersurfaces of indefinite Sasakian space form under condition A N E a vector field non-null. Also in [14] , this equivalence is extended to the Ricci semi-symmetric notion when the lightlike hypersurfaces are considered to be η-totally umbilical. In [16] , the author proved that, in the null Einstein hypersurfaces of an indefinite Kenmotsu space form, tangent to the structure vector field, the local symmetry, semisymmetry and Ricci semi-symmetry notions are equivalent.
In the present paper we give an affirmative answer to the equivalence between ∇R = 0 and R · R = 0 for lightlike hypersurfaces of an indefinite Kenmotsu space form M (c), under condition Ric(E, ζ) = 0, for some ζ ∈ Γ(S(T M )) − ξ (Theorem 5.8). This equivalence is extended to the parallel, semi-parallel and Ricci semi-symmetric notions under condition Ric(E, A N E) = 0 (Theorem 6.5).
The general theory of lightlike submanifolds was introduced and presented in [9] by K. L. Duggal and A. Bejancu. The theory of lightlike submanifolds is a new area of differential geometry and it is very different from Riemannian geometry as well as semi-Riemannian geometry.
In the present paper, we study the symmetry properties of lightlike hypersurfaces in indefinite Kenmotsu manifolds M c , tangent to the structure vector field, by particularly paying attention to the locally symmetric, semi-symmetric and Ricci semi-symmetric lightlike hypersurfaces. The paper is organised as follows. In Section 2, we recall some basic definitions and formulas for indefinite Kenmotsu manifolds supported by an example and also for lightlike hypersurfaces of semi-Riemannian manifolds. In Section 3, we give the decomposition of screen distribution and tangent bundle on lightlike hypersurfaces of indefinite Kenmotsu manifolds which are tangential to the structure vector field. In Section 4, we consider a lightlike hypersurface M of an indefinite Kenmotsu manifold M c , with constant φ-holomorphic sectional curvature c and study local symmetry conditions on this hypersurface. It is known in [10] that in locally symmetric semi-Riemannian manifold M , the locally symmetric lightlike hypersurfaces are totally geodesic, under condition that the vector field A N E is non-null. Here we show that there are no locally symmetric lightlike hypersurfaces in indefinite Kenmotsu manifold (M c , c = −1). On the other hand we prove that, in indefinite Kenmotsu space form M (c = −1), any locally symmetric lightlike hypersurface is totally geodesic (Theorem 4.5). An example of locally symmetric lightlike hypersurface is given. We also prove, in the same section, that totally contact umbilical lightlike hypersurfaces of an indefinite Kenmotsu manifold which are locally symmetric are totally geodesic (Theorem 4.8). We obtain equivalence between parallel and locally symmetry notions on lightlike hypersurfaces of an indefinite Kenmotsu manifold M c (Theorem 4.10).
In Section 5, we study semi-symmetric lightlike hypersurfaces of indefinite Kenmotsu manifolds M c . We give a characterization of semi-symmetric lightlike hypersurfaces and We prove, under a certain condition, that in lightlike hypersurfaces of an indefinite Kenmotsu space form, tangent to the structure vector field, the local symmetry and semi-symmetry notions are equivalent (Theorem 5.8) . Also this equivalence is extended to the semi-parallel notion (Theorem 5.10). We also give a sufficient condition on lightlike hypersurface of indefinite Kenmotsu space form to be not semi-symmetric (Corollary 5.7). Finally, in Section 6, we give a characterization of Ricci semi-symmetric lightlike hypersurfaces of an indefinite Kenmotsu manifold M c , tangent to the structure vector field. We show that, under a certain condition, the Ricci semi-symmetric lightlike hypersurfaces of indefinite Kenmotsu space form M (c) are totaly geodesic (Theorem 6.2). In Theorem 6.5, under a certain condition, we extend the equivalence given in Theorem 5.8 to Ricci semi-symmetry notion. Finally, we obtain under certain condition, the equivalence between the parallel, semiparallel, local symmetry, semi-symmetry and Ricci semi-symmetry notions in hypersurfaces of an indefinite Kenmotsu space form (Theorem 6.5).
Preliminaries
Let M a (2n + 1)-dimensional manifold endowed with an almost contact structure (φ, ξ, η), i.e., φ is a tensor field of type (1, 1), ξ is a vector field, and η is a 1-form satisfying (2.1)
Then (φ, ξ, η, g) is called an almost contact metric structure on M if (φ, ξ, η) is an almost contact structure on M and g is a semi-Riemannian metric on M such that for any vector field X, Y on M
where ∇ is the Levi-Civita connection for the semi-Riemannian metric g, we call M an indefinite Kenmotsu manifold [12] .
A plane section σ in T p M is called a φ-section if it is spanned by X and φX, where X is a unit tangent vector field orthogonal to ξ. Since φσ = σ, the φ-section σ is a holomorphic φ-section and the sectional curvature of a φ-section σ is called a φ-holomorphic sectional curvature (see [3] , [11] and references therein for more details). If a Kenmotsu manifold M has constant φ-holomorphic sectional curvature c, then, by virtue of the Proposition 12 in [12] , the Riemann curvature tensor R of M is given by, for any X, Y , Z ∈ Γ(T M ),
A Kenmotsu manifold is a typical example of C(α)-manifold, with α = −1, introduced by Janssens and Vanhecke [11] .
Note that the φ-holomorphic sectional curvature of an indefinite C(α)-manifold does not satisfy, in general, a "Schur Lemma" although it holds for coKähler and indefinite Sasakian manifolds (see [3] for details).
An indefinite Kenmotsu manifold M which has constant φ-holomorphic sectional curvature c will be denoted by M c . A Kenmotsu manifold M of constant φ-holomorphic sectional curvature c will be called Kenmotsu space form and denoted by M (c). Here M c is different from M (c) and this is well specified in [12] through Proposition 12 and Theorem 13. If a (2n + 1)-dimensional Kenmotsu manifold M has a constant φ-holomorphic sectional curvature c, then, by virtue of Proposition 12 [12] , the Ricci tensor Ric and the scalar curvature r are given by [12] [12] , M is an Einstein one and consequently c + 1 = 0, that is c = −1. So, the Ricci tensor becomes Ric = −2ng and the scalar curvature is given by r = −2n(2n + 1). Thus, if a Kenmotsu manifold M is a space form, then it is an Einstein and c = −1. This means that it is a space of constant curvature −1 so, locally it is isometric to the hyperbolic space.
, where x = (x 1 , x 2 , . . . , x 7 ) are cartesian coordinates on R 7 . We define with respect to the natural field of frames { 
the semi-Riemannian metric g of index ν = 2 on M by
. The vector fields (2.8)
In local field of frames {e i }, the metric g is given by g(e i , e j ) = 0, ∀i = j, i, j = 1, 2, . . . , 7, g(e k , e k ) = 1, ∀k = 2, 3, 5, 6, 7 and g(e m , e m ) = −1, ∀m = 1, 4. The 1-form η is given by η(X) = g(X, e 7 ) for any X ∈ Γ(T M). Let φ be the (1.1)-tensor field defined by φe 1 = e 4 , φe 2 = −e 5 , φe 3 = e 6 , φe 4 = −e 1 , φe 5 = e 2 , φe 6 = −e 3 , φe 7 = 0.
Then using the linearity of φ and g, we have η(e 7 ) = 1,
) defines an almost contact metric structure on M . Let ∇ be the Levi-Civita connection with respect to the metric g. Then, we have [e i , e 7 ] = e i , ∀i = 1, 2, . . . , 6 and [e i , e j ] = 0, ∀i = j, i, j = 1, 2, . . . , 6. Using the Koszul's formula given by
the non-vanishing covariant derivative are given by ∇ e1 e 1 = e 7 , ∇ e2 e 2 = −e 7 , ∇ e3 e 3 = −e 7 , ∇ e4 e 4 = e 7 , ∇ e5 e 5 = −e 7 , ∇ e6 e 6 = −e 7 , ∇ e1 e 7 = e 1 , ∇ e2 e 7 = e 2 , ∇ e3 e 7 = e 3 , ∇ e4 e 7 = e 4 , ∇ e5 e 7 = e 5 , ∇ e6 e 7 = e 6 . From these relations, it follows that the manifold M satisfies (
is indefinite Kenmotsu manifold. Also, it is easy to check that (M , φ, ξ, η, g) is an indefinite Kenmotsu manifold of constant φ-holomorphic sectional curvature c = −1.
Let (M , g) be a (2n + 1)-dimensional semi-Riemannian manifold with constant index ν, 0 < ν < 2n + 1 and let (M, g) be a hypersurface of M , with g = g |M . M is said to be a lightlike hypersurface of M if g is of constant rank 2n − 1 and the orthogonal vector bundle T M ⊥ to tangent vector bundle T M , defined as
It is called a screen distribution and is often denoted by S(T M ). A lightlike hypersurface endowed with a specific screen distribution is denoted by the triple (M, g, S(T M )). As T M ⊥ lies in the tangent bundle, the following result has an important role in studying the geometry of a lightlike hypersurface.
Theorem 2.2 ([9]
). Let (M, g, S(T M )) be a lightlike hypersurface of (M , g). Then there exists a unique vector bundle tr(T M ) of rank 1 over M such that for any non-zero section E of T M ⊥ on a coordinate neighborhood U ⊂ M , there exist a unique section N of tr(T M ) on U satisfying
Throughout the paper, all manifolds are supposed to be paracompact and smooth. We denote Γ(F ) the smooth sections of the vector bundle F . Also by ⊥ and ⊕ we denote the orthogonal and nonorthogonal direct sum of two vector bundles. By Theorem 2.2 we may write down the following decomposition
Let ∇ be the Levi-Civita connection on (M, g), then by using the second decomposition of (2.12) and considering a normalizing pair {E, N } as in Theorem 2.2, we have Gauss and Weingarten formulae in the form, for any X, Y ∈ Γ(T M |U ),
⊥ is a linear connection on the vector bundle tr(T M ), h is a symmetric bilinear form and A N is the shape operator of M .
Equivalently, consider a normalizing pair {E, N } as in Theorem 2.2. Then (2.13) takes the form, for any X, Y ∈ Γ(T M |U ), (2.14)
It is important to mention that the second fundamental form B is independent of the choice of screen distribution, in fact, from (2.14), we obtain X,
X N, E). Let P be the projection morphism of T M on S(T M ) with respect to the orthogonal decomposition (2.11). We have for any X, Y ∈ Γ(T M |U ),
where ∇ * X P Y and A * E X belong to Γ(S(T M )). C, * AE and * ∇ are called the local second fundamental form, the local shape operator and the induced connection on S(T M ). The induced linear connection ∇ is not a metric connection and we have
where θ is a differential 1-form locally defined on M by θ(X) := g(N, X), ∀X ∈ Γ(T M ). The local second fundamental form of M satisfies B(X, P Y ) = g( * AE X, P Y ) and B(X, E) = 0 , also B( * AE X, Y ) = B(X, * AE Y ) and g( * AE X, N ) = 0. The local second fundamental form of S(T M ) satisfies C(X, P Y ) = g(A N X, P Y ).
Denote by R and R the Riemann curvature tensors of M and M , respectively. From Gauss equation [9] , we have the following, for any X, Y, Z ∈ Γ(T M |U ),
Lightlike hypersurfaces of indefinite Kenmotsu manifolds
Let (M , φ, ξ, η, g) be an indefinite Kenmotsu manifold and (M, g) be its lightlike hypersurface, tangent to the structure vector field ξ, i.e., ξ ∈ Γ(T M ). If E is a local section of T M ⊥ , then g(φE, E) = 0, and φE is tangent to
This enables us to choose a screen distribution S(T M ) such that it contains φ(T M ⊥ ) as vector subbundle. We consider local section N of tr(T M ). Since g(φN, E) = −g(N, φE) = 0, we deduce that φN is also tangent to M . On the other hand, since g(φN, N ) = 0, we see that the component of φN with respect to E vanishes. Thus φN ∈ Γ(S(T M )). From the second equation of (2.2) we have g(φN, φE) = 1. Therefore, φ(T M ⊥ ) ⊕ φ(tr(T M )) (direct sum but not orthogonal) is a non-degenerate vector subbundle of S(T M ) of rank two.
It is known [4] that if M is tangent to the structure vector field ξ, then ξ belongs to S(T M ). using this and since g(φE, ξ) = g(φN, ξ) = 0, there exists a non-degenerate distribution D 0 of rank 2n − 4 on M such that
where ξ = Span{ξ}. It is easy to check that the distribution D 0 is invariant under φ, i.e., φ(D 0 ) = D 0 .
Example 3.1. Let M be a hypersurface of (M = R 7 , φ, ξ, η, g) (indefinite Kenmotsu space form defined in Example 1) given by
where (x 1 , . . . , x 7 ) is a local coordinate system on R 7 . Thus the tangent space T M is spanned by {U i } 1 i 6 , where U 1 = e 1 , U 2 = e 2 , U 3 = e 3 , U 4 = e 4 + e 5 , U 5 = e 6 , U 6 = e 7 and the distribution T M ⊥ of rank 1 is spanned by E = e 4 +e 5 .
It follows that T M ⊥ ⊂ T M . Then M is a 6-dimensional lightlike hypersurface of R 7 . Also, the transversal bundle tr(T M ) is spanned by N = 1 2 (e 5 − e 4 ). On the other hand, by using the almost contact structure (φ, ξ, η) of R 7 and also by taking into account of the decomposition of screen distribution S(T M ) given in (3.1), the distribution D 0 is spanned by {F, φF }, where F = U 3 , φF = U 5 , and the distributions ξ , φ(T M ⊥ ) and φ(tr(T M )) are spanned, respectively by ξ = U 6 , φE = U 2 − U 1 and φN = 1 2 (U 1 + U 2 ). Hence M is a lightlike hypersurface of an indefinite Kenmotsu space form (R 7 , φ, ξ, η, g).
Moreover, from (2.11), (2.12) and (3.1) we obtain the decomposition
Now, we consider the distributions on M ,
Then D is invariant under φ, i.e., φ(D) = D So we have the decomposition
Let us consider the local null vector fields U := −φN , V := −φE. Then, from (3.6), any X ∈ Γ(T M ) is written as
where R and Q are the projection morphisms of T M into D and D ′ , respectively, and u is a differential 1-form locally defined on M by u(X) = g(X, V ). Applying φ to (3.7) and (2.1), note that φ 2 N = −N , we obtain
where φ is a tensor field of type (1, 1) defined on M by φX := φRX, for any X ∈ Γ(T M ). In addition, we obtain, for any X ∈ Γ(T M ), B(X, ξ) = 0, (3.9) φ 2 X = −X + η(X)ξ + u(X)U, and (3.10)
By using (2.2) and (3.8) we derive that, for any X, Y ∈ Γ(T M ),
where v is a 1-form locally defined on M by v(X) = g(X, U ), for any X ∈ Γ(T M ). we note that
For future use, we have the following identities: for any X, Y ∈ Γ(T M ), 
and,
Suppose that M is a lightlike hypersurface in indefinite Kenmotsu manifold (M c , c = 3) with ξ ∈ T M . Then the relation (4.1) becomes
From decomposition (2.11), the curvature tensor R is written as
where, in particular and using (4.6), the component R(E, ·)E is given by
By using (4.6), the covariant derivative of R is given by, for any W ∈ Γ(T M ),
Taking P Y = ξ and W = U in (4.10), we obtain g((∇ U R)(E, ξ)E, N ) = −1. This means that a lighlike hypersurface of indefinite Kenmotsu manifold (M c , c = 3) with ξ ∈ T M cannot be locally symmetric. 
Proof. By using the relation (2.3), let decompose the Riemann curvature R on M (c) by
where for any X, Y, Z ∈ Γ(T M ),
By covariant derivation of R, we have, (
By direct calculation, using (4.14) and the definition of covariant derivative of differential forms, we obtain the result. Proof. Let M be a locally symmetric lightlike hypersurface of an indefinite Kenmotsu space form M c , with ξ ∈ Γ(T M ). From relation (4.11), we have, for It is known, that in locally symmetric semi-Riemannian manifold M , the locally symmetric lightlike hypersurfaces are totally geodesic lightlike hypersurfaces if the vector field A N E is non-null (see [10] ). Also in [14] , the authors have proved that in indefinite Sasakian space form, the locally symmetric lightlike hypersurfaces tangent to the vector structure are totally geodesic. So, in indefinite Kenmotsu space form M (c) we have the following. 
where (x 1 , . . . , x 7 ) is a local coordinate system on R 7 . As explained in Example 2, M is a lightlike hypersurface of M having a local quasi-orthonormal field of frames U 1 = e 1 , U 2 = e 2 , U 3 = e 3 , U 4 = E = e 4 + e 5 , U 5 = e 6 , U 6 = ξ = e 7 , N = 1 2 (e 5 − e 4 ) along M . Denote by ∇ the Levi-Civita connection on M . Then, using non-vanishing components of ∇ given in Example 1, we obtain
Thus, the differential 1-form τ vanish, that is τ (X) = 0, ∀X ∈ Γ(T M ). So, from the Gauss and Weingarten formulae we have 
By straightforward calculation, the non-vanishing local components of R are given by
By direct calculation, using relations (4.21) above, we obtain
Therefore, the lightlike hypersurface M of M (c = −1) is locally symmetric.
A submanifold M is said to be a totally umbilical lightlike hypersurface of a semi-Riemannian manifold M if the local second fundamental form B of M satisfies
where ρ is the smooth function on U ⊂ M . If we assume that M is a totally umbilical lightlike hypersurface of a semiRiemannian manifold M , then we have B(X, Y ) = ρg(X, Y ) for any X, Y ∈ Γ(T M ), which implies, by using (3.9), that 0 = B(ξ, ξ) = ρ. Hence M is totally geodesic.
It follows that an indefinite Kenmotsu manifold M does not admit any non-totally geodesic, totally umbilical lightlike hypersurface. From this point of view, Bejancu [2] considered the concept of totally contact umbilical semiinvariant submanifolds. The notion of totally contact umbilical submanifolds was first defined by Kon [13] .
A submanifold M is said to be totally contact umbilical if its second fundamental form h of M satisfies [2] 
for any X, Y ∈ Γ(T M ), where H is a normal vector field on M (that is H = λN , λ is a smooth function on U ⊂ M ). The totally contact umbilical condition (4.23) can be rewritten as,
If the λ = 0 (that is B 1 = 0), then the lightlike hypersurface M is said to be totally contact geodesic and if B 2 = 0, M is said to be η-totally umbilical. It is easy to check that a totally contact umbilical lightlike hypersurface of an indefinite Kenmotsu manifold is η-totally umbilical. So, as was proved in [15] , There exist no totally contact umbilical lightlike hypersurfaces of an indefinite Kenmotsu manifold (M c , c = −1), tangent to the structure vector field ξ.
If M is totally contact umbilical of an indefinite Kenmotsu manifold M c , then, by Corollary 3.7 in [15] , c = −1 and from (4.1), the induced curvature tensor R on M is given by, for any X, Y, Z ∈ Γ(T M ),
The covariant derivative of R is given by
Taking X = Z = E, W = U and Y = V into (4.25) and using (4.23), we have
Thus, we have the following results. 
which is totally contact umbilical. 
where R is the induced Riemann curvature on M .
This is equivalent to
In general the condition (5.1) is not equivalent to (R(W 1 , W 2 ) · R)(X, Y )Z = 0 as in the non-degenerate setting. Indeed, by direct calculation we have for any
In the sequel, we need the following proposition Proposition 5.2. Let M be a lightlike hypersurface of a semi-Riemannian manifold M . Then for any
Proof. The proof follows from direct calculation by using T = P T + θ(T )E, (∇ X B)(Y, E) = (∇ Y B)(X, E) and definition of R · R.
Next we investigate the effect of semi-symmetry condition on geometry of lightlike hypersurfaces in indefinite Kenmotsu manifold M c .
A submanifold M of a semi-Riemannian manifold M is said to be (
Theorem 5.3. Let M be a semi-symmetric lightlike hypersurface of indefinite Kenmotsu manifold M c , with ξ ∈ Γ(T M ). Then at least one of the following holds:
Proof. Let M be a semi-symmetric lightlike hypersurface of an indefinite Kenmotsu manifold M c , with ξ ∈ Γ(T M ). From (2.3) we have R(E, N, E, X) = 0 and R(E, X, E, N ) = 0, ∀X ∈ Γ(T M ). By using relation (5.3) we obtain, for any 
